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Transverse spin diffusion in metallic spin valves

Transverse components disappear at the N/F
interface.
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Transverse spin diffusion in metallic spin valves

Transverse components comes into the
ferromagnet and spin accumulation precess and

relaxes around the local exchange field.

Continuity equation

d f̌
dt

− ∂ æ̌

∂x
=

1
τsf

[

f̌ − 1̌
Tr f̌
2

]

Particle-spin distribution function

f̌ = f0 1̌ + f · σ

Particle-spin current density

æ̌ =
1
2

(

j01̌ + j · σ
)
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Transverse spin diffusion in metallic spin valves

Transverse components comes into the
ferromagnet and spin accumulation precess and

relaxes around the local exchange field.

In magnetic film

Hs−d = − J
2
σ · Ŝ

where J is the s-d coupling constant

d f̌
dt

=
i
~

[

Hs−d, f̌
]

which leads to

d f̌
dt

=
J
~

(

Ŝ × f
)

· σ
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Transverse spin diffusion in metallic spin valves

Transverse components comes into the
ferromagnet and spin accumulation precess and

relaxes around the local exchange field.

Continuity equation

df0

dt
=
∂ j0

∂x
df
dt

=
J
~

(

Ŝ × f
)

+
∂ j
∂x

+
f
τsf

• Local net spin moment: Ŝ = (0, 0, 1)

• Spin distribution: f = (fx, fy, fz)

• Spin current: j = (jx, jy, jz)

• s-d exchange parameter: J

• Spin-flip time: τsf

• Particle current: j0

• Particle distribution: f0
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Model

Spin diffusion

Diffusion equation

æ̌ =

(

j↑ j↑↓
j↓↑ j↓

)

= −
(

D↑
∂ f↑
∂x D⊥

∂ f↑↓
∂x

D⊥
∂ f↓↑
∂x D↓

∂ f↓
∂x

)

where j↑(↓) = j0 ± jz, j↑↓ = jx − ijy, and j↓↑ = (j↑↓)∗

f↑(↓) = f0 ± fz, f↑↓ = fx − ify and f↓↑ = (f↑↓)∗

D↑, D↓, and D⊥ are diffusion constants

from the free electrons model D↑(↓) = D0/(1 ∓ β) with D0 =
π2~3

√
2ρ∗e2m3/2

e ǫ
1/2
F

and D⊥ = (D↑ + D↓)/2
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Model

Spin diffusion

Diffusion equation

æ̌ =

(

j↑ j↑↓
j↓↑ j↓

)

= −
(

D↑
∂ f↑
∂x D⊥

∂ f↑↓
∂x

D⊥
∂ f↓↑
∂x D↓

∂ f↓
∂x

)

Longitudinal components

j0 = − 2D0

1 − β2

(

∂ f0

∂x
+ β

∂ fz

∂x

)

jz = − 2D0

1 − β2

(

β
∂ f0

∂x
+
∂ fz

∂x

)

Transverse components

jx = −2D⊥
∂ fx

∂x

jy = −2D⊥
∂ fy

∂x
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Model

Longitudinal spin transport

Diffusion equations

∂2fz

∂x2
=

fz

λ2
sf

and
∂2f0

∂x2
= −β ∂

2fz

∂x2

Longitudinal charge and spin accumulation

µz(x) = A ex/λsf + B e−x/λsf

µ0(x) = −β µz(x) + Cx + G

Longitudinal charge and spin current

1
ρ(ǫF)

j0 = −2 C
D0

1 − β2

1
ρ(ǫF)

jz(x) =
β

ρ(ǫF)
j0 − 2D0

λsf

[

A ex/λsf − B e−x/λsf

]
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Model

Transverse spin transport

Diffusion equations

∂2fx

∂x2
= − fy

λ2
J

+
fx

λ2
⊥

∂2fy

∂x2
=

fx

λ2
J

+
fy

λ2
⊥

General solution for fx

fx = C1 ex/l− + C2 e−x/l− + C3 ex/l+ + C4 e−x/l+

where
1
l±

=

√

1
λ2
⊥

± i
1
λ2

J

=
1
λt

± i
1
λp

where
1
λt(p)

=
1√
2

√

1
λ2

J

± 1
λ2
⊥

• λt: transverse decay length

• λp precessional length

we define ∆ = λt/λp, which is ∆ < 1

1
l±

=
1 ± i∆
λt
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Model

Transverse spin transport

Diffusion equations

∂2fx

∂x2
= − fy

λ2
J

+
fx

λ2
⊥

∂2fy

∂x2
=

fx

λ2
J

+
fy

λ2
⊥

Transverse spin accumulation

µx(y) =

[

A1 cos

(

∆ x

λt

)

± B1 sin

(

∆ x

λt

)]

ex/λt ±
[

A2 cos

(

∆ x

λt

)

± B2 sin

(

∆ x

λt

)]

e−x/λt

Transverse spin current

1

ρ(ǫF)
jx(y) = ±D⊥

λt

{

[

(∆A1 − B1) sin

(

∆ x

λt

)

∓ (A1 +∆ B1) cos

(

∆ x

λt

)]

ex/λt±

[

(∆A2 + B2) sin

(

∆ x

λt

)

± (A2 −∆ B2) cos

(

∆ x

λt

)]

e−x/λt

}
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Model

Nonmagnetic layers

In nonmagnet J = 0 and β = 0
D↑ = D↓ = D⊥ = D0

Particle and spin accumulation

µ0 = Cx + G

µ = A ex/lsf + B e−x/lsf

Particle and spin current

1
ρ(ǫF)

j0 = −2CD0

1
ρ(ǫF)

j = −2D0

lsf

[

Aex/lsf − Be−x/lsf

]
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Model

Boundary conditions and spin transfer torque

Longitudinal spin components

e2j0 = (G↑ + G↓)(µ
F
0 − µN

0 ) + (G↑ − G↓)(µ
F
z − µN

z )

e2jz = (G↑ − G↓)(µ
F
0 − µN

0 ) + (G↑ + G↓)(µ
F
z − µN

z )

Transverse spin components

e2jx = 2 Re {G↑↓} (µF
x − µN

x ) + 2 Im {G↑↓} (µF
y − µN

y )

e2jy = 2 Re {G↑↓} (µF
y − µN

y )− 2 Im {G↑↓} (µF
x − µN

x )

Spin current components are continuous acrros the interface
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e2j0 = (G↑ + G↓)(µ
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0 ) + (G↑ − G↓)(µ
F
z − µN

z )

e2jz = (G↑ − G↓)(µ
F
0 − µN

0 ) + (G↑ + G↓)(µ
F
z − µN

z )

Transverse spin components

e2jx = 2 Re {G↑↓} (µF
x − µN

x ) + 2 Im {G↑↓} (µF
y − µN

y )

e2jy = 2 Re {G↑↓} (µF
y − µN

y )− 2 Im {G↑↓} (µF
x − µN

x )

Spin current components are continuous acrros the interface

Spin transfer torque

τ‖ =
~

2

∫ xR

xL

∂ jy

∂x
dx =

~

2
[jy(xR)− jy(xL)]

τ⊥ =
~

2

∫ xR

xL

∂ jx

∂x
dx =

~

2
[jx(xR)− jx(xL)]
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Dynamic response

Current-induced dynamics

I>0

Landau-Lifshitz-Gilbert equation

dŝ
dt

+ αŝ × dŝ
dt

= Γ where Γ = −|γg|µ0 ŝ × Heff +
γg

Msd
τ

where τ = τ‖ + τ⊥ is the spin transfer torque

Spin transfer torque

τ‖ = I ŝ ×
[

ŝ ×
(

aLŜL + aRŜR

)]

τ⊥ = I ŝ ×
(

bLŜL + bRŜR

)
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Dynamic response

Local spherical coordinates

Landau-Lifshitz-Gilbert equation

d
dt

(

θ
φ

)

=
1

1 + α2

(

1 α
−α/ sin θ 1/ sin θ

)(

ωθ

ωφ

)

Local coordinates

êφ = (êz × ŝ)/ sin θ, êθ = êφ × ŝ
ŝ = (cos φ sin θ, sinφ sin θ, cos θ)

Frequencies

ωθ = Γ · êθ and ωφ = Γ · êφ
ωθ = ωh

θ + ωτ
θ

ωφ = ωh
φ + ωτ

φ
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Dynamic response

Local spherical coordinates

Landau-Lifshitz-Gilbert equation

d
dt

(

θ
φ

)

=
1

1 + α2

(

1 α
−α/ sin θ 1/ sin θ

)(

ωθ

ωφ

)

Local coordinates

êφ = (êz × ŝ)/ sin θ, êθ = êφ × ŝ
ŝ = (cos φ sin θ, sinφ sin θ, cos θ)

Frequencies

ωθ = Γ · êθ and ωφ = Γ · êφ
ωθ = ωh

θ + ωτ
θ

ωφ = ωh
φ + ωτ

φ

ωh
θ =|γg|µ0

[

H‖ cos φ sin φ sin θ − Happ sin(Θ− φ)
]

ωh
φ =|γg|µ0

[

(

Hdz − Hdy + H‖ cos(2φ)
)

sin θ − Happ cos(Θ− φ)

]

cos θ
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Dynamic response

Local spherical coordinates

Landau-Lifshitz-Gilbert equation

d
dt

(

θ
φ

)

=
1

1 + α2

(

1 α
−α/ sin θ 1/ sin θ

)(

ωθ

ωφ

)

Local coordinates

êφ = (êz × ŝ)/ sin θ, êθ = êφ × ŝ
ŝ = (cos φ sin θ, sinφ sin θ, cos θ)

Frequencies

ωθ = Γ · êθ and ωφ = Γ · êφ
ωθ = ωh

θ + ωτ
θ

ωφ = ωh
φ + ωτ

φ

ωτ
θ =

|γg|I
dMs

(a cos θ cosφ− b sinφ)

ωτ
θ = −|γg|I

dMs
(a sin φ+ b cos θ cosφ)
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Dynamic response

Linear response

Close to equilibrium: θ = θ0 + δθ, φ = φ0 + δφ

ωθ (̂s) = ωθ (̂s0) +
∂ωθ

∂θ
|̂s0
δθ +

∂ωθ

∂φ
|̂s0
δφ

ωφ(̂s) = ωφ(̂s0) +
∂ωφ

∂θ
|̂s0
δθ +

∂ωφ

∂φ
|̂s0
δφ

Considering ωτ
θ (̂s) ≃ ωτ

θ (̂s0), and ωτ
φ(̂s) ≃ ωτ

φ(̂s0)

θ̇0 = φ̇0 = 0, ωh
θ (̂s0) = ωh

φ(̂s0) = 0
for θ0 = π/2
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Dynamic response

Linear response

Close to equilibrium: θ = θ0 + δθ, φ = φ0 + δφ

ωθ (̂s) = ωθ (̂s0) +
∂ωθ

∂θ
|̂s0
δθ +

∂ωθ

∂φ
|̂s0
δφ

ωφ(̂s) = ωφ(̂s0) +
∂ωφ

∂θ
|̂s0
δθ +

∂ωφ

∂φ
|̂s0
δφ

Considering ωτ
θ (̂s) ≃ ωτ

θ (̂s0), and ωτ
φ(̂s) ≃ ωτ

φ(̂s0)

θ̇0 = φ̇0 = 0, ωh
θ (̂s0) = ωh

φ(̂s0) = 0
for θ0 = π/2

Linearized Landau-Lifshitz-Gilbert equation

d

dt

(

δθ
δφ

)

=

(

αω1 −ω2
ω1 αω2

)(

δθ
δφ

)

+

(

b0 + αa0
a0 − αb0

)

I

where I = −|e| j0 is the current density

a0(φ0) =
|γg|
dMs

a(φ0) sin φ0

b0(φ0) =
|γg|
dMs

b(φ0) sinφ0

Solution

For I = I0eiωt we consider

δθ = Aθeiωt, and δφ = Aφeiωt

ω1(φ0,Θ) = −|γg|µ0
[

Hdx − Hdy + H‖ cos2 Θ− Hint cosφ0 + Happ cos(Θ− φ0)
]

ω2(φ0,Θ) = −|γg|µ0
[

H‖ cos(2φ0)− Hint cos φ0 + Happ cos(Θ− φ0)
]
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Dynamic response

Second harmonic voltage

Magnetic susceptibility to spin transfer torque

χφ(φ0,Θ, ω) =
Aφ

I0
=

|γg|
Msd

b(φ0)ω1 + i [a(φ0)− αb(φ0)] ω

(ω1ω2 − ω2)− iα(ω1 + ω2)ω
sinφ0

ω0 = ω1ω2 is the resonance frequency

For small current frequency ( ω → 0)

χφ(φ0,Θ) =
|γg|
Msd

b(φ0)

ω2(φ0,Θ)
sin φ0
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Dynamic response

Second harmonic voltage

U = R(t)I(t)

The angle between ŝ = (θ, φ) and Ŝ is

cos φ′ = ŝ · Ŝ = cosφ sin θ = ν(θ, φ)

Close to ŝ0 = (φ0, θ0)

R(ν) = R(ν0)+
∂R(ν)

∂ν

∂ν

∂θ
|̂s0
δθ+

∂R(ν)

∂ν

∂ν

∂φ
|̂s0
δφ

where ν0 = ν(θ0, φ0) = cosφ0 sin θ0

R = R(φ0)−
∂R

∂ν
|̂s0

sinφ0 δφ

where δφ = Re
{

Aφeiωt
}

R(t) = R(φ0)−
∂R

∂ν
|φ0 sinφ0 I0 Re

{

χφeiωt}

U =I0R(φ0) cos(ωt) −
I2
0

4

∂R

∂ν
|φ0 sinφ0×

(

χφeiωt + χ∗
φe−iωt

)

(

eiωt + e−iωt)

DC voltage

U0 = −
I2
0

2

∂R

∂ν
|φ0 sinφ0 χ

′
φ(φ0,Θ, ω)

Second harmonic AC voltage

U2ω(t) = − I2
0

2

∂R

∂ν
|φ0 sinφ0 Re

{

χφei(2ω)t
}

= − I2
0

2

∂R

∂ν
|φ0 sinφ0×

[

χ′
φ cos(2ωt) − χ′′

φ sin(2ωt)
]

where χφ = χ′
φ + iχ′′

φ
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Dynamic response

Lock-in amplifier measurement

Lock-in measurement

Uout =
1
T

∫ T

0
sin(ω′t + ψ)Uin(t)dt

To obtain phase-independent signal we use
Uref,1 = sin(ω′t + ψ), and Uref,2 = cos(ω′t + ψ)

Uout,1 ∝ 1

T

∫ T

0
dt sin(2ωt + ψ)

[

χ′
φ cos(2ωt) − χ′′

φ sin(2ωt)
]

Uout,2 ∝ 1

T

∫ T

0
dt cos(2ωt + ψ)

[

χ′
φ cos(2ωt) − χ′′

φ sin(2ωt)
]
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Dynamic response

Lock-in amplifier measurement

Lock-in measurement

Uout =
1
T

∫ T

0
sin(ω′t + ψ)Uin(t)dt

To obtain phase-independent signal we use
Uref,1 = sin(ω′t + ψ), and Uref,2 = cos(ω′t + ψ)

Uout,1 ∝ 1
2

(

χ′
φ sinψ − χ′′

φ cosψ
)

Uout,2 ∝ 1
2

(

χ′
φ cosψ + χ′′

φ sinψ
)

One measures U2ω ∝ 1
2

√

(χ′
φ)

2 + (χ′′
φ)

2 =
1
2
|χφ| which is a dc voltage

Second harmonic response

U2ω = − I2
0

4
∂R
∂ν

|φ0 sinφ0 |χφ|

P. Baláž (IFM PAN) Report on Task 5 Seminar ZFMEZO 16 / 25



Numerical results
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Numerical results

Fit to experimental results (EPFL)

50 100 150 200 250 300 350
Θ

0.002

0.004

0.006

0.008

0.010

0.012

0.014

R H WL

material ρ∗ (µΩcm) β λsf (nm)
Cu 0.5 0 100.0
CoFe 20.0 0.65 12.0

interface R∗ (fΩm2) γ Re {G↑↓} (1/fΩm2) Im {G↑↓} (1/fΩm2)
CoFe / Cu 0.5 0.55 1.80 0.02
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Numerical results

Numerical results: Single spin valve
Cu – CoFe(12) / Cu(8) / CoFe(5) – Cu
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Numerical results

Numerical results: Single spin valve
Cu – CoFe(12) / Cu(8) / CoFe(5) – Cu θ / π
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Numerical results

Numerical results: single spin valve
Cu – CoFe(12) / Cu(8) / CoFe(5) – Cu
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Numerical results

Numerical results: single spin valve
Cu – CoFe(12) / Cu(8) / CoFe(5) – Cu
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Numerical results

Numerical results: dual spin valve
Cu – CoFe(2.5) / Cu(2.8) / CoFe(2.5) / Cu(2.8) / CoFe(3.5) – Cu
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Numerical results

Numerical results: dual spin valve
Cu – CoFe(2.5) / Cu(2.8) / CoFe(2.5) / Cu(2.8) / CoFe(3.5) – Cuθ / π
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conclusions

Conclusions

• A model of second harmonic response to the spin transfer torque
has been presented

• Nonlinear behaviour in the second harmonic voltage as a
function of λt has been observed

• An existence of optimal free layer’s width for certain value of λt

has been reported
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conclusions

Thank you for your attention
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